A mathematical model is presented describing the time-and length-dependent behavior of cardiac muscle. The model describes a wider variety of experimental data than do previously published models. It incorporates a modification of the Hill equation describing the force-velocity relation. Based on the sliding filament theory, the revised equation includes the effects of finite cross-bridge compliance proposed by A. F. Huxley. The essential simplicity of the Hill equation is retained; however, the model successfully predicts force development during both isometric and isotonic contractions, observed deactivation of the contractile element during isotonic shortening, and the apparent dependence of series elastic stiffness on time after stimulation during quick-release and quick-stretch experiments.
the second employs the force-velocity equation proposed by A. V. Hill (2) . A new approach to modeling muscle involves the application of irreversible thermodynamics to describe the chemomechanical coupling process in the muscle (3) (4) (5) (6) .
Huxley's model was based on the sliding filament theory, with force generation resulting from the binding of myosin cross-bridges to actin thin filaments. Although some aspects of the theory have been questioned, Mommaerts (7) has shown that most of these points can be resolved without changing the basic mathematics. Huxley's model, unlike most others, accounts for the compliance of the contractile machinery. He considered, however, only the special case of isotonic contraction of completely activated muscle on the plateau of the length-force curve, a case for which cross-bridge compliance has no influence. Julian (8) added time-dependent activation and explained the failure of the Hill equation in predicting isometric force development observed by Jewell and Wilkie (9) . Wong (10, 11) made the rate constants in Huxley's theory length dependent, and Podolsky and Nolan (12) proposed a modification of Huxley's model to account for the transient response following a quick release. Similar kinetic models have also been incorporated into recent thermodynamic theories (13) . These kinetic models require the solution of a first-order partial differential equation and are not easily used in a description of the intact heart.
A less complicated description of the contractile process is the force-velocity relation proposed by A. V. Hill (2) in 1938. Sandow (14) added timedependent activation and computed the develop-ment of force during isometric tetanus. Taylor (15) extended Sandow's approach to include activation in twitch contractions and modeled excitation-contraction coupling. Taylor (15) also described muscle lengthening during relaxation with the Hill equation. Katz (16) has shown that this description is incorrect for frog sartorius muscle and tortoise retractor penis muscle; his finding might account for the less satisfactory results which Taylor obtained during relaxation.
Probably the first model of heart muscle to include time dependency was that of Grupping (17) , which was refined by Beneken and Dewit (18, 19) . For shortening, a time-and length-dependent Hill equation was employed based on the undamped quick-release data of Sonnenblick (20) . These data were not taken at constant contractile element length, and it has since been shown that the release alters the contractile properties (21) . Beneken and Dewit modeled resting (unstimulated) force as resulting from both active and passive contributions. Donders and Beneken (22) modified the lengthening force-velocity relation proposed by Beneken and Dewit and modeled cat papillary muscle behavior. The maximum velocity of shortening (V mai ) was assumed to be independent of muscle length. This assumption is in conflict with recent experimental data (23) . The addition of a length-dependent V max , however, produced less satisfactory agreement with data. The results of Donders and Beneken reproduce the common velocity-length paths found during isotonic contraction and relaxation at fixed total load and demonstrate the need for active-state contraction coupling.
Y. C. Fung (24) has proposed a modification of the Hill equation to account for the nonhyperbolic force-velocity curves observed during afterloaded isotonic contractions (21) . There is evidence that this phenomenon results from variations in muscle length and level of activity. Most convincing is the fact that force-velocity curves obtained from tetanized heart muscle (25) and from twitch contractions at constant contractile element length and constant time from stimulation (26) are both hyperbolic.
ELASTIC PROPERTIES OF HEART MUSCLE
Most heart muscle models include two passive elastic elements and one active contractile element (CE). These elements can be arranged in either of the combinations illustrated in Figure 1 . Classically, it has been assumed that the CE is freely extensible at rest and highly damped when it is activated. The elastic properties of passive muscle It is well established that the Aubert model sometimes predicts a negative parallel elastic compliance (27) (28) (29) . Brady (30) has concluded that some muscles are of the Hill type, others of the Aubert type, and some fall into neither category. A possible explanation is that muscle is basically of the Hill type and that artifactual series compliance (e.g., connections, damaged muscle, and force transducers) accounts for deviations from this model. Furthermore, if the series elastic stiffness is made to depend on muscle length as well as extension, then the two analogues become equivalent (31) . For these reasons, the Hill analogue was chosen for modeling in this paper. Computations were also made using the Aubert analogue, and no significant changes in the results were noted.
The dynamic stiffness of activated muscle has been studied by numerous investigators in skeletal muscle (32) (33) (34) and cardiac muscle (27-30, 35, 36) . Most investigators used some form of the quickrelease or the quick-stretch method. Generally, studies have been conducted at short muscle lengths where the contribution of the PE is negligible. Under these conditions, the dynamic stiffness of the muscle is due to the SE if the CE is assumed to be rigid. It has been found that the stiffness of activated muscle depends on muscle force in a nearly linear fashion (Eq. 2), giving the following relation between force P and extension Al: The stress-strain relation for unstimulated heart muscle at long lengths is that of an exponential spring; the stiffness increases with strain. If the relation is purely exponential, the stiffness is a linear function of load.
where P is muscle force and I is muscle length. Figure 2A shows the resting length-force curve of a cat papillary muscle at two calcium ion concentrations (reconstructed from date presented by Brutsaert et al. [23] ). The stiffness was determined as proposed by Fung (24) and is shown in Figure 2B .
The stiffness plots exhibit two linear regions. This behavior has also been found in the intact ventricle (37) and in mammalian ureteral segments (38) . With the increase in calcium ion concentration, the stiffness at low resting force did not change appreciably, but the breakpoint shifted to a higher force. This dependence of stiffness on calcium concentration has also been observed in data from frog heart muscle (39) .
Based on this behavior, the model shown in Figure 3 was adopted. The resting force of the muscle, P r , is the sum of the force borne by the PE, PpAD, and that borne by the CE, 6P o (n). The contractile element force is assumed to be a fixed fraction, 8, of the active force, P o (u); it can develop at each contractile element length fi.
where I is muscle length and Ipeo is the unstrained length of the PE. At muscle lengths less than lpt O the PE bears no force. This length appears to have a mean value near 0.90/ moI (23, 34, 40) .
Although this model provides a simple, plausible explanation for available data, it must be recognized that the model assumes a force-bearing CE at rest. Alternate assumptions could be employed, and it is possible that the calcium exerts a direct effect on connective tissue (PE).
Eq. 3 is used to determine the stress-strain Length-force relation of unstimulated heart muscle. relation of PE, -/","), and the value of 8. To determine these quantities it is necessary to know P 0 (l) and P r (l), both of which are shown in Figure 4 , and the stress-strain relation of the SE. The latter is necessary to determine the dependence of the active force, P o , on contractile element length u for any muscle length I.
The value of 8 can be determined by applying Eq. 3 at muscle lengths at which the PE bears no force:
(5b) The stress-strain relation of the PE is then obtained from the resting length-force curve by subtracting that portion which is due to the CE. In conducting this analysis on data from Brutsaert et al. (23) 
FIGURE 4
Length-force relations of papillary muscle. The developed force curve is a composite of data from Grimm and Whitehorn (57) , N -10, on rat heart muscle, and Spann et al. (40) , N = 14, and Brutsaert et al. (23) that obtained by Donders and Beneken (22) who also assumed a force-bearing CE at rest. The resulting PE was exponential and could be characterized by the stiffness constants (see Eq. 2) K = 45.0// mM and C = 0.0018P o (/ mo J.
THE CONTRACTILE ELEMENT
Hill showed, for tetanically stimulated skeletal muscle with negligible resting force, that the relation between muscle force P and shortening velocity V is described by:
where a and b are mechanical constants and P o is the isometric force. The Hill equation was generalized to remove the restrictions (Table 1) in the original experimental data (see below).
Length Dependence.-It has been shown empirically that the Hill equation can be extended to lengths other than l 0 by making the isometric tetanic force in Eq. 6 appropriate to the instantaneous length of the muscle P o ([) (41, 42) . Based on the sliding filament theory, a should vary so that a(l)/P 0 (l) is constant. Similarly, b should be independent of length. This expectation is true if the only influence of length is to determine the number of participating cross-bridges. These conclusions are confirmed by experimental studies for sarcomere lengths above 2.1-2.2n. For shorter lengths, at which heart muscle normally functions, other factors apparently influence the force-velocity relation. A possible explanation for the behavior at short lengths is the existence of internal restoring forces. These forces have been proposed by many investigators and appear to explain a wide variety of observed phenomena (5) .
A restoring force was incorporated according to the proposal of Gordon et al. (43) and the analysis of Bornhorst and Minardi (5). The principal effect of a restoring force is to alter the value of a so that a(l)/P o (l) is not independent of length. Experimental studies on tetanized skeletal muscle (41) and on tetanized cardiac muscle (25) have found that both a and b are constant for muscle lengths ranging from 75% to 100% of l max . This finding is consistent (25) and o was computed by assuming V max = 2.5 muscle lengths/sec at l max based on the data of Brutsaert et al. (23) . Both a and b were taken to be independent of length.
Time-Dependent Activation.-The term active state was originally employed by Hill to describe the process by which a muscle goes from rest to steady force generation during isometric tetanic stimulation. Since the CE will stretch the SE and shorten as it generates force, the external force is reduced in accordance with the force-velocity relation. Hill supposed that if a muscle could be prevented from shortening internally, the active state could be determined by the time course of force generation. According to this view, any force generated while the contractile machinery is stationary would be a point on the active-state curve. It will be shown later in this paper that not only must the contractile element velocity be zero but also that the contractile element force must not be changing
Activation is incorporated into the model by making P o proportional to the fraction, y{t), of active sites acting in parallel which are capable of producing force at zero contractile element velocity and constant contractile element force, i.e., P o (n,t) = P o {n)ij(t). It can be shown that the Hill equation must be made time dependent such that the ratio a/P o is independent of time.
This equation assumes that the restoring forces also vary proportionally to rj(t). An alternative formulation was investigated in which restoring forces were assumed to be independent of ri(t). That model predicts buckling of the myofibrils at short lengths. To generate an external force, the myofibrils must first shorten against the restoring force. This process results in a delay in force generation that presently appears to be incompatible with measured latency times.
The active-state function used in the computations consists of a rise, a plateau, and an exponential decline to the resting value of b. Parameters in the function were chosen to provide agreement with both isotonic and isometric data. Simulations with the model indicated the need to incorporate a coupling between the time course of the active state and the contractile mode. Edman and Nilsson (44) have shown that the duration of the active state depends on initial muscle length and the amount of shortening. For reasons discussed in Results, the following coupling between active state, initial contractile element length, and contractile element shortening was employed in all computations presented in the present paper. decay = ^'decay -0.8A^ -0.5(1 -Mlnltl.l)-(8) The quantity, t decay is the time at which the active state begins its decay from the plateau, //initial is the contractile element length at the start of the contraction, and Ap is the amount of contractile element shortening which has occurred after stimulation (Aji is held constant during lengthening). The value of t aecBy corresponding to p = 1, A// = 0 is designated t' aecBy .
Lengthening.-Katz (16) investigated the tetanic force-velocity relation in sartorius muscle and found that the Hill equation was not valid for lengthening. Instead, for low lengthening velocities, a linear force-velocity curve was found. The slope (dVJdP) of this curve at zero velocity was about one-sixth the slope of the shortening curve at zero velocity.
(dV s /dP) v . J(dVjdt) v . 0 = 6. (9) Katz also found that for loads greater than 1.7-2.0 times P o the muscle lengthened very rapidly (slipped). Huxley (1) predicted a nearly hyperbolic force-velocity curve for lengthening but inappropriately found a slip force of 5.0 times P o . Hyperbolic lengthening curves have been obtained in situ with cat soleus muscle (45) and in vitro with frog semitendenosus (46) and from frog ventricle (47) . Recently, Boehman and Minardi (13) and Chaplin (48) have shown that muscle force actually decreases at high lengthening velocities. Boehman and Minardi have explained this finding by the limited reach of the cross-bridges which mechanically separate at high strains.
These data can be approximated by a hyperbolic equation similar in form to the shortening equation:
The parameter P max (n) represents the slip force of the muscle. The parameter c is determined from a modification of Eq. 9 by performing the indicated differentiation on Eqs. 8 and 10 and rearranging:
The modification of Eq. 9 was to make the right side equal to 6v(t) based on studies (47, 48) which indicate that the ratio of the slopes depends strongly on muscle activity. This formulation produced good agreement with experimental data as discussed later in this paper. The lengthening equation used by Donders and Beneken (22) In light of these results, the isotonic forcevelocity equation was reexamined using Huxley's kinetic theory as a starting point. This theory and the recent modification of Huxley and Simmons (49) account for finite cross-bridge stiffness. Using the sliding filament theory, reaction kinetics for the cross-bridge-thin filament interaction processes, and elastic cross-bridges, the following forcevelocity relation was derived (50): V = V l 8 o t o n l c - (12) where V is the contractile element shortening velocity, P is the contractile element force, V lsolonic is the initial muscle velocity which would ensue in a sudden isotonic force clamp, and K CE is the effective stiffness of the contractile machinery. This equation assumes that (1) force is transmitted between the thin and thick filaments through the cross-bridges, (2) the force borne by the individual cross-bridges is a unique function of cross-bridge extension, and (3) the average velocity of all force-transmitting cross-bridges is identical to the relative filament velocity.
To use this force-velocity relation it is necessary to have an expression for Visotonic and K CE . It has been shown (50) that during isometric contractionŝ notonic can be approximated by the Hill equation and that K ce is approximately proportional to muscle force: bridge extension (and force generation) occurs after cross-bridge attachment instead of before. The kinetics of Huxley's proposed force-generating processes are much faster than those of crossbridge attachment and are therefore not considered to be a rate-limiting step in this analysis.
CALCULATION METHOD
The model is described by a set of coupled first-order ordinary differential equations; time is the independent variable. Included are equations describing each model element as well as compatibility conditions relating element length and force to muscle length and force. The description is completed by specifying initial conditions (length and force) and the appropriate loading conditions (isometric or isotonic contraction).
Time histories of variables were obtained by integration of the governing equations. Because of the nonlinearity of the contractile element forcevelocity equation, a numerical integration scheme was required. An Adams-Moulton predictor-corrector method was employed using steps of variable size controlled by the relative difference between predicted and corrected values (10~6). The typical step size was on the order of 0.001 second and was limited by accuracy rather than stability considerations. A fourth-order Runge-Kutta method was used to start the integration.
Results
Isometric Contraction.-A series of simulated isometric contractions is shown in Figure 5 along with typical data (51) . As muscle length (and preload) is increased from 0.84l max to 1.0/ max both peak force and peak dP/dt are potentiated. For the three largest lengths, peak dP/dt varies little due to the small variation in P o (n) in this length range. The increase in force for these contractions results primarily from the increase in resting force.
The broken line in Figure 5A shows the rapid rise in force predicted when the Hill isotonic forcevelocity equation is used to describe contractile element dynamics. The solid lines are obtained with the proposed force-velocity relation (Eq. 12) which accounts for the effects of contractile machinery compliance. All other simulations presented in this paper use this force-velocity relation.
The effect of coupling between active-state duration, initial contractile element length, and contractile element shortening was investigated by conducting simulations with and without the coupling. Its principal effect during the isometric contraction is to make the time to peak force .
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. 20 . 40 .60 TIME-SECONDS dependent on initial length. This behavior, which can be seen in Figure 5B from the time intercepts at dP/dt = 0, is consistent with recent reports (52) .
Isotonic Contraction at Constant Preload.-A series of simulated afterloaded isotonic contractions from the initial length l max is shown in Figure  6 . During the contraction, force rises isometrically until the developed force equals the afterload. Muscle shortening then commences at constant force. As the active state decays, the muscle begins to relax and returns to its initial length. The final contraction phase is an isometric decay in force. For very large afterloads, the contraction occurs isometrically. Typical experimental data (51) are shown in the inset of Figure 6 .
In simulations conducted without active-state contraction coupling (broken curves), the model sustains an isotonic force for a longer period of time than it sustains the same force isometrically. This result is consistent with previous model results without coupling (22) . Experiments indicate, however, that shortening deactivates muscle so that it is unable to sustain a force as long isotonically as it does isometrically (51) except at afterloads near isometric force.
The time course of muscle velocity (Fig. 6B ) shows a rapid rise at the onset of shortening followed by a slower rise to peak velocity (contractions 2 and 3). With no afterload (contraction 1) the velocity-time curve appears smooth and with large afterloads (4 and 5) the secondary rise in velocity does not occur. When apparatus inertia is accounted for, this finding is consistent with experimental results (23) (24) (25) (26) (27) (28) . The primary influence of the apparatus, determined from simulations not presented in this paper, is to smooth the transition between the rapid and slow rise phases so that even contractions with large afterloads have a small secondary rise (50) . The literature does not contain much data on the time course of muscle velocity during lengthening with which to compare the model. A recent report (53) , however, states that the peak lengthening velocity of afterloaded isotonic contractions increases with afterload to 30% of the isometric force and then decreases with further increases in afterload. The model predicts (see Fig. 6B ) that peak lengthening velocity will occur between a total muscle load of 20% and 40% of isometric force.
The influence of muscle length on shortening velocity was studied by varying preload with zero afterload. Starting from short lengths, it was found that peak shortening velocity first increases as muscle length (and preload) is increased and then decreases with further increases in preload. This behavior, which is typical of papillary muscle preparations, results from a balance between the increase in V max and the increase in muscle load which occur as the muscle is stretched. A second length effect, which we have not seen reported, is an increase in the time to peak shortening velocity as muscle length is increased from 90% to 100% of Isotonic Contraction at Constant Total Load.-A series of simulated afterloaded contractions at constant total load is shown in Figure 7 ; as muscle preload and initial length are decreased, the afterload is correspondingly increased. A total load of 0.20P o (l nax ) was used so that the zero-afterloaded contraction originated from l max . From Figure 7A it is seen that an initial length variation of 11% of l max results in only a 2.5% variation in length at peak shortening. The shorter the muscle length is at peak shortening, the sooner it starts to relax because it is lower on its length-force curve. This fact accounts for the convergence of the lengthtime paths during relaxation. This behavior is typical of papillary muscle preparations (22) and illustrates a property of the active-state contraction coupling employed in the model. Since the amount of shortening differs between contractions, Circulation Research. Vol. 35. August 1974 deactivation dependent only on shortening would result in different length-time relaxation paths. This fact requires the inclusion of compensating deactivation, which depends on initial muscle length, like that reported by Edman and Nilsson (44) . Simulations made without any active-state contraction coupling produce essentially identical results. It appears, therefore, that this type of behavior implies a very specific relation between the length and shortening dependence of the active state.
The velocity-length phase plane trajectories shown in Figure 7C demonstrate the common path during shortening which was noted by Brutsaert and Sonnenblick (21) . This common path results from the plateau in the active-state function. Even though the muscle reaches a given length at different times for each contraction, the factors which govern the velocity (active state, force, length) are unaltered. Near peak shortening the active state begins its decay and the paths separate. As the muscle relaxes and the length-and velocity-time paths converge, so does the velocity- length phase plane trajectory. These results are comparable with the data (22) shown in Figure 7D .
Isometric Contractile Element Contraction.-It was originally proposed by A. V. Hill that the time course of the active state could be determined from force development if the CE could be prevented from shortening. This assumption breaks down if activation and force development are separate processes as proposed by Huxley (1) and Huxley and Simmons (49) .
An isometric contractile element contraction like that conducted by Brady (54) was simulated with the model. In this type of experiment the muscle is stretched as force develops by an amount just sufficient to account for series elastic lengthening. The CE is, therefore, prevented from shortening. During relaxation the muscle is similarly released to prevent contractile element lengthening.
The results are shown in Figure 8 along with Brady's data. It is seen that force develops slowly even though the active state rises rapidly to a plateau. This behavior results from the inclusion of cross-bridge compliance and kinetics in the forcevelocity relation. If contractile element velocity is set equal to zero, the force-velocity relation (Eq. 11) can be rewritten to yield:
This equation indicates that contractile element force can be equated to active state only when both contractile element velocity and dP/dt are zero.
Quick-Release Data.-The SE used in the model is purely passive. It has been shown by Jewell and Wilkie (9) in skeletal muscle and more recently by Noble and Else (55) and Pollack et al. (56) in cardiac muscle that the stress-strain curve of the SE obtained using quick releases depends on time from stimulation. This finding implies that the length change of a quick release is due in part to relaxation of the cross-bridge links between the thin and thick filaments. If these cross-bridge links have a linear stress-strain relation, as assumed by Huxley (1) and Huxley and Simmons (49) , then the relation between the force they bear and their average extension Ax is:
where K CE is the collective stiffness of the bridges. During an isometric contraction, the average extension of the bridges Ax remains approximately constant and the net stiffness K CE increases due to the increase in the number of cross-bridges acting in parallel. Eq. 15 indicates that K C E is approximately proportional to contractile element force during an isometric contraction. during a single cycle. Huxley (57) estimated Ax in skeletal muscle to have an upper limit of 0.01-0.02 muscle lengths. A slightly larger value, 0.025 muscle lengths, was employed in the model because of the higher test temperatures and the larger compliance of heart muscle. Figure 9 shows the stress-strain relation for the passive SE employed in the model computations along with the approximate stress-strain relation of the contractile machinery for an isometric twitch at four different times after stimulation. The length change measured during a quick release will be the sum of the length changes of the contractile machinery and the SE. The resulting force-length relation obtained by imposing successively larger releases is shown in Figure 9B for each of the four different times from stimulation. These curves are similar to those experimentally obtained (9, 55, 56) . This interpretation of quick-release data, like Circulation Research. Vol. 35. August 1974 the nonisotonic force-velocity relation, follows directly from assuming a finite compliance of the CE.
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Discussion
During the last decade, the dynamic behavior of isolated skeletal and cardiac muscle has been studied under a variety of experimental conditions. In spite of extensive investigation, there remain apparent inconsistencies and disagreements in the interpretation of reported data.
Mathematical modeling can be helpful both in understanding the complex dynamic behavior of muscle and in relating isolated cardiac muscle contractility to the performance of the intact heart. A mathematical model provides a quantitative framework for interpreting data and for comparing reported experiments from different laboratories under various conditions. Since the behavior is complex and nonlinear, it is difficult to resolve apparent discrepancies merely by qualitative arguments. It must be recognized that a mathematical model is only as good as the data on which it is based. Serious questions remain concerning the anatomical significance of the elements in the model, possible experimental artifacts originating from the apparatus or instrumentation, and the effect of simplifying assumptions made to render the model mathematically tractable. In spite of these difficulties, previous models of heart muscle have been successful in describing many of the phenomena observed experimentally. Most models previously presented concentrated on interpreting either a single type of experiment or data obtained from a single laboratory. The model reported in the present paper represents an attempt to describe a wider range of experimental results obtained by different investigators. In attempting to reconcile apparent discrepancies among reported data, it was necessary to introduce several new concepts into the model.
The most significant of these concepts is a modified force-velocity equation which describes isometric as well as isotonic contractions. It was found that the kinetic model proposed originally by Huxley on the basis of the sliding filament theory could be used to derive a modification of the Hill equation which accounts for finite cross-bridge compliance. The derived force-velocity equation retains the essential simplicity of the Hill equation yet can be successfully applied to a wide variety of isolated muscle experiments. In addition to explaining why the Hill equation predicts too rapid a rise in force during an isometric contraction, the equation also predicts the apparent dependence of series elasticity on time after stimulation observed in quick-release and quick-stretch experiments.
Previous models have attempted to explain these apparent discrepancies on the basis of modifications in the process of muscle activation. Although an active-state contraction coupling was required in the present model to explain the observed deactivation of muscle during isotonic contractions, differences in the rate of force rise can be explained merely on the basis of finite cross-bridge compliance. Similarly, variations in the apparent series elasticity can be explained on the basis of this compliance.
In summary, a model is presented which explains a wider variety of experimental observations than do previously published models. The model is relatively simple, requiring only integration of a set of nonlinear ordinary differential equations, yet it provides a physiological explanation for a number of apparent inconsistencies in experimental cardiac muscle behavior.
